A 2-dimensional framework (G, p) is a graph G = (V, E) together with a map p : V → R 2 . We consider the framework to be a straight line realization of G in R 2 . Two realizations of G are equivalent if the corresponding edges in the two frameworks have the same length. A pair of vertices {u, v} is globally linked in G if the distance between the points corresponding to u and v is the same in all pairs of equivalent generic realizations of G.
Introduction
We shall consider finite graphs without loops, multiple edges or isolated vertices. A d-dimensional framework is a pair (G, p), where G = (V, E) is a graph and p is a map from V to R d . We consider the framework to be a straight line realization of G in
Two frameworks (G, p) and (G, q) are equivalent if ||p(u) − p(v)|| = ||q(u) − q(v)|| holds for all pairs u, v with uv ∈ E, where ||.|| denotes the Euclidean norm in R d . Frameworks (G, p), (G, q) are congruent if ||p(u) − p(v)|| = ||q(u) − q(v)
|| holds for all pairs u, v with u, v ∈ V . This is the same as saying that (G, q) can be obtained from (G, p) by an isometry of R d . We say that (G, p) is globally rigid if every framework which is equivalent to (G, p) is congruent to (G, p). The framework (G, p) is rigid if there exists an > 0 such that, if (G, q) is equivalent to (G, p) and ||p(u) − q(u)|| < for all v ∈ V , then (G, q) is congruent to (G, p) . Intuitively, this means that if we think of a d-dimensional framework (G, p) as a collection of bars and joints where points correspond to joints and each edge to a rigid bar joining its end-points, then the framework is rigid if it has no non-trivial continuous deformations (see [11] , [33, Section 3.2] ). It seems to be a hard problem to decide if a given framework is rigid or globally rigid. Indeed Saxe [26] showed that it is NP-hard to decide if even a 1-dimensional framework is globally rigid and Abbot [1] showed that the rigidity problem is NP-hard for 2-dimensional frameworks. These problems become more tractable, however, if we consider generic frameworks i.e. frameworks in which there are no algebraic dependencies between the coordinates of the vertices.
It is known, see [33] , that the rigidity of frameworks in R d is a generic property, that is, the rigidity of (G, p) depends only on the graph G and not the particular realization p, if (G, p) is generic. We say that the graph G is rigid in A similar situation holds for global rigidity: the problem of characterizing when a generic framework is globally rigid in R d has also been solved for d = 1, 2. A 1-dimensional generic framework (G, p) is globally rigid if and only if either G is the complete graph on two vertices or G is 2-connected. The characterization for d = 2 is as follows. We say that G is redundantly rigid in R d if G − e is rigid in R d for all edges e of G.
Theorem 1.1. [17] Let (G, p) be a 2-dimensional generic framework. Then (G, p) is globally rigid if and only if either G is a complete graph on two or three vertices, or
G is 3-connected and redundantly rigid in R 2 .
It follows that the global rigidity of d-dimensional frameworks is a generic property when d = 1, 2. Gortler, Healy and Thurston [13] proved that this holds for all d ≥ 1. We say that a graph G is globally rigid in R d if every (or equivalently, if some) generic realization of G in R d is globally rigid. As for rigidity, it is an important open problem to characterize globally rigid graphs when d ≥ 3. Hendrickson [14] showed that redundant rigidity and (d + 1)-connectivity are necessary conditions for all d ≥ 1 (provided G has at least d + 2 vertices) but there are examples showing that these conditions are not sufficient when d ≥ 3, see [5] , [9] .
We refer the reader to [12, 18, 33] for a detailed survey of rigid and globally rigid d-dimensional frameworks and their applications.
We will consider properties of 2-dimensional generic frameworks which are weaker than global rigidity. We assume henceforth that d = 2, unless specified otherwise. A pair of vertices {u, v} in a framework (G, p) is globally linked in (G, p) if, in all equivalent frameworks (G, q), we have ||p(u) − p(v)|| = ||q(u) − q(v)||. The pair {u, v} is globally linked in G if it is globally linked in all generic frameworks (G, p). Thus G is globally rigid if and only if all pairs of vertices of G are globally linked. Unlike global rigidity, however, 'global linkedness' is not a generic property in R 2 . Figures 1 and 2 give an example of a pair of vertices in a rigid graph G which is globally linked in one generic realization, but not in another.
We initiated the study of globally linked pairs in [19] . We next summarize the main results and conjectures from this paper.
The Henneberg 1-extension operation [15] (on edge xy and vertex w) deletes an edge xy from a graph H and adds a new vertex z and new edges zx, zy, zw for some vertex w ∈ V (H) − {x, y}. We showed that the 1-extension operation preserves the property that a pair of vertices is globally linked as long as H − xy is rigid. Let H = (V, E) be a graph and x, y ∈ V . We use κ H (x, y) to denote the maximum number of pairwise openly disjoint xy-paths in H. Note that if xy / ∈ E then, by Menger's theorem, κ H (x, y) is equal to the size of a smallest set S ⊆ V (H) − {x, y} for which there is no xy-path in H − S. We used Theorem 1.2 and Lemma 1.3 to characterize globally linked pairs for the family of M -connected graphs i.e graphs whose 2-dimensional rigidity matroid is connected (see Section 2 for formal definitions). This family lies strictly between the families of globally rigid graphs and redundantly rigid graphs. Theorem 1.4. [19] Let G = (V, E) be an M -connected graph and x, y ∈ V . Then {x, y} is globally linked in G if and only if κ G (x, y) ≥ 3.
Theorem 1.2. [19] Let G, H be graphs such that G is obtained from
An M -component of a graph G is a maximal M -connected subgraph of G. Theorem 1.4 has the following immediate corollary.
We conjectured that the converse is also true.
Conjecture 1.6. [19] The pair {x, y} is globally linked in a graph G = (V, E) if and only if either xy ∈ E or there is an
A redundantly rigid component of a graph G is a maximal redundantly rigid subgraph of G (see Section 2) . We showed in [19] that Conjecture 1.6 is equivalent to two other conjectures concerning the redundantly rigid components of G. The Henneberg 0-extension operation on vertices x, y in a graph H adds a new vertex z and new edges xz, yz to H. We showed that the 0-extension operation preserves the property that a pair of vertices is not globally linked.
Lemma 1.9. [19] If {u, v} is not globally linked in H and G is a 0-extension of H then {u, v} is not globally linked in G.
The purpose of this paper is to extend the results of [19] in several directions. In Section 3 we prove that the 1-extension operation preserves the property that a pair of vertices is not globally linked whenever it is applied to a non-redundant edge in an arbitrary rigid graph. We use this to deduce that Conjecture 1.6 holds for minimally rigid graphs. (Since the M -connected components of a minimally rigid graph are all isomorphic to K 2 this is equivalent to showing that a pair of vertices in a minimally rigid graph is globally linked if and only if they are adjacent.) We consider frameworks with the property that all equivalent frameworks are infinitesimally rigid in Section 4. We show that for such a framework (G, p), the number of equivalent pairwise non-congruent frameworks does not increase if we make small perturbations to the positions of its vertices. This extends a result of Connelly and Whiteley [6] on infinitesimally rigid globally rigid frameworks. We deduce that, if G is minimally rigid or p is generic, then the set of globally linked pairs in (G, p) does not change if we make small perturbations to the positions of its vertices. In Section 5 we investigate when we can choose a non-redundant edge e in a graph G and then continuously deform a generic realization of G − e to obtain equivalent generic realizations of G in which the distances between a given pair of vertices are different.
Preliminaries
In this section we summarize the definitions and results from rigidity theory that we shall use later.
The rigidity matroid
The rigidity matroid of a graph G is a matroid defined on the set of edges of G which reflects the rigidity properties of all generic realizations of G. We will need basic definitions and results on this matroid to define M -connected graphs.
Let (G, p) be a realization of a graph G = (V, E). The rigidity matrix of the framework (G, p) is the matrix R(G, p) of size |E|×2|V |, where, for each edge v i v j ∈ E, in the row corresponding to v i v j , the entries in the two columns corresponding to vertices v i and v j contain the two coordinates of (p(
, respectively, and the remaining entries are zeros. See [33] for more details. The rigidity matrix of (G, p) defines the rigidity matroid of (G, p) on the ground set E by linear independence of rows of the rigidity matrix. Any two generic frameworks (G, p) and (G, q) have the same rigidity matroid. We call this the rigidity matroid R(G) = (E, r) of the graph G. We denote the rank of R(G) by r(G). Gluck characterized rigid graphs in terms of their rank. We say that a graph
Knowing when subgraphs of G are M -independent allows us to determine the rank of G. This can be accomplished using the following characterization of M -independent graphs due to Laman. For X ⊆ V , let E G (X) denote the set, and i G (X) the number, of edges in G joining vertices in X.
A graph G = (V, E) is minimally rigid if G is rigid, but G − e is not rigid for all e ∈ E. Theorems 2.1 and 2.2 imply that G is minimally rigid if and only if G is M -independent and |E| = 2|V | − 3. Note that, if G is rigid, then the edge sets of the minimally rigid spanning subgraphs of G form the bases in the rigidity matroid of G. It is known that the 1-extension operation preserves rigidity [32] . We shall need the following lemma about the inverse operation of 1-extension on minimally rigid graphs. By observing that a minimally rigid graph has a vertex of degree two or three, it follows that a graph is minimally rigid if and only if it can be constructed from an edge by a sequence of 0-extensions and 1-extensions.
M -connected graphs and M -components
Using Theorem 2.2 we may deduce that G is an M -circuit if and only if |E| = 2|V | − 2 and G − e is minimally rigid for all e ∈ E. Recall that a graph G is redundantly rigid if G − e is rigid for all e ∈ E. Note also that a graph G is redundantly rigid if and only if G is rigid and each edge of G belongs to a circuit in R(G) i.e. an M -circuit of G.
Any two maximal redundantly rigid subgraphs of a graph G = (V, E) can have at most one vertex in common, and hence are edge-disjoint (see [17] ). Defining a redundantly rigid component of G to be either a maximal redundantly rigid subgraph of G, or a subgraph induced by an edge which belongs to no M -circuit of G, we deduce that the redundantly rigid components of G partition E. Since each redundantly rigid component is rigid, this partition is a refinement of the partition of E given by the rigid components of G. Note that the redundantly rigid components of G are induced subgraphs of G.
Given a matroid M = (E, I), we define a relation on E by saying that e, f ∈ E are related if e = f or if there is a circuit C in M with e, f ∈ C. It is well-known that this is an equivalence relation. The equivalence classes are called the components of M. If M has at least two elements and only one component then M is said to be connected.
We say that a graph is an M -circuit and any pair of edges of K 3,m are contained in a copy of K 3, 4 .) The Mcomponents of G are the subgraphs of G induced by the components of R(G). Since each M -component with at least two edges is redundantly rigid, the partition of E given by the M -components is a refinement of the partition given by the redundantly rigid components of G. Note that the M -components of G are induced subgraphs. For more examples and basic properties of M -circuits and M -connected graphs see [3, 17] .
Note that the rigid components, redundantly rigid components, and M -components of a graph can all be determined in polynomial time, see for example [3] .
Rigidity, infinitesimal rigidity, and flexes

In this subsection we consider d-dimensional frameworks for arbitrary
such that π 0 = p, and such that the frameworks (G, p) and (G, π t ) are equivalent for all t ∈ (−1, 1), where
The flexing π is trivial if the frameworks (G, p) and (G, π t ) are congruent for all t ∈ (−1, 1). A framework is said to be flexible if it has a non-trivial flexing. It is known [2, 11] that non-rigidity, flexibility and the existence of a non-trivial smooth flexing are all equivalent.
The first-order version of a flexing of the framework (G, p) is called an infinitesimal motion. This is an assignment of infinitesimal velocities to the vertices,p :
If π is a smooth flexing of (G, p),
It is easy to see that these are indeed infinitesimal motions. A framework (G, p) is infinitesimally flexible if it has a non-trivial infinitesimal motion, otherwise it is infinitesimally rigid.
The set of infinitesimal motions of a framework (G, p) is a linear subspace of R d|V | , given by the system of |E| linear equations (1) . The matrix of this system of linear equations is the rigidity matrix Note that the Jacobian of f G at a point p ∈ R |V |d is given by 2R(G, p). Gluck [11] proved that if a framework (G, p) is infinitesimally rigid, then it is rigid. The converse of this is not true in general, but if we exclude certain 'degenerate' configurations, then rigidity and infinitesimal rigidity are equivalent. In order to establish this, let us recall some notions from differential topology. Given two smooth manifolds, M and N and a smooth map f : M → N , we denote the derivative of f at some point p ∈ M by df | p , which is a linear map from T p M , the tangent space
Using the inverse function theorem, it can be shown (see for example [ 
is a manifold, whose tangent space at p is the kernel of df p . This has the following corollary.
Theorem 2.5. [2] Let (G, p) be a regular framework. If (G, p) is infinitesimally flexible, then it is flexible. Furthermore, ifp is a non-trivial infinitesimal motion of (G, p), then there is a non-trivial smooth flexing
Since the rank of the rigidity matrix for a given graph G is constant on the set of regular points of f G and infinitesimal rigidity of a framework (G, p) depends only on the rank of R(G, p) it follows that if a regular framework (G, p) is infinitesimally rigid, then all other regular frameworks (G, q) are infinitesimally rigid as well.
1-Extensions and globally linked pairs
In this section we prove that the 1-extension operation preserves the property that a pair of vertices is not globally linked assuming that it is performed on a non-redundant edge. By using this result we shall complete the characterization of globally linked pairs in minimally rigid graphs.
Given a field K ⊆ C we use K to denote the algebraic closure of K. We say that a point P = (x, y) ∈ C 2 is generic over K, if the set {x, y} is algebraically independent over K. To prove the framework extension result of this section, we need a lemma concerning polynomials whose zeros are algebraically dependent over K. For
We will use the following facts concerning two polynomials f, g ∈ K[X 1 , X 2 ]. Fact 1: if g is irreducible over an algebraically closed subfield of C then g is irreducible over C, see [16, 
.g m is also the factorization of g into irreducible factors over C by Fact 1. Now suppose that g = h 1 h 2 is a non-trivial factorization of g over R. Relabeling if necessary and using the fact that C[X 1 , X 2 ] is a unique factorization domain we have
This contradicts the irreducibility of g over K.
•
is uncountable. Since L is algebraically closed, Lemma 3.1 implies that g is irreducible over R.
is infinite, Fact 2 implies that f and g have a non-trivial common factor in R[X 1 , X 2 ]. Since they are both irreducible over R, we have f = λg for some λ ∈ R \ {0}.
• A framework (G, p) is quasi-generic if it is congruent to a generic framework. It is in standard position with respect to two vertices (v 1 , v 2 ) if p(v 1 ) lies at the origin and p(v 2 ) lies on the second coordinate axis. We may use a translation and a rotation to transform every framework to a congruent framework which is in standard position with respect to any two given vertices. The next result determines what happens when we apply such a transformation to a quasi-generic framework.
Lemma 3.3. [19, Lemma 3.5] Let (G, p) be a realisation of a graph
is quasi-generic if and only if {y 2 , x 3 , y 3 , . . . , x n , y n } is algebraically independent over Q.
The following rather technical lemma is fundamental to our proof that constructing a 1-extension by deleting a non-redundant edge from a graph H preserves the property that two given vertices of H are not globally linked. 
Lemma 3.4. Let G = (V, E) be a graph and v be a vertex of
By reflecting the configuration q on the second coordinate axis, if necessary, we may assume that q 4 = p 4 . By Lemma 3.3, {p 3 , p 4 , p 5 } is algebraically independent over Q.
We call a point (p 1 , p 2 ) ∈ R 2 feasible, if there exists a point (q 1 , q 2 ) ∈ R 2 , such that the extended frameworks (G, p * ) and (G, q * ) are equivalent, where p
. We will prove the lemma by finding a feasible point that is generic over K and then applying Lemma 3.3.
The set of feasible points can be described by the following system of equations:
Equations (2) and (3) give
Equations (2), (4) and (5) now give
We can use (5) and (6) (7) gives a real solution (q 1 , q 2 ) to (5) and (6) . Thus the set of feasible points is the set of points lying on the conic f = 0 where
Note that since q Proof. Since q 4 = p 4 , the conic contains the point
and hence is not empty. If q 4 = −p 4 then it also contains the point
and A = B since q 3 = 0. Hence we may suppose that q 4 = −p 4 . In this case a 11 = 0. 4 ∈ R with b 1 = 0 = b 3 so the conic cannot be a single point.
Let us suppose indirectly, that:
no point on the conic f = 0 is generic over K.
Since this conic is not empty, and is not a single point, it follows from the classification of conics that it is either an ellipse, a parabola, a hyperbola or the union of two lines. Applying Lemma 3.2 to the irreducible components of f we deduce that there is a 
Since a 22 = 0, g is not identically zero. On the other hand g(q 2 3 ) = 0. We may now use (9) to deduce that λg ∈ K[X] and the argument of Claim 3.6 gives q 2 3 ∈ K, which is a contradiction.
Proof. Suppose 2a 1 + p 3 a 12 = 0. Substituting all coefficients with their appropriate expressions we see that
We may now use (9) to deduce that q 5 = µq 3 for some µ ∈ K.
Hence we may suppose that 
We may now use (9) and the argument of Claim 3.6 to deduce that λg ∈ K[X], and hence that q 5 ∈ K, as long as g is not identically zero. Let us suppose indirectly, that g = 0. Equating the coefficient of X 2 and the constant term of g to zero gives the following system of linear equations for a 12 , a 22 :
Since a 12 = 0 by Claim 3.7, the determinant of this system, which is a non-zero polynomial in p 3 , p 4 , p 5 with integer coefficients, must be zero. This contradicts the fact that {p 3 , p 4 , p 5 } is algebraically independent over Q.
We can now complete the proof of the lemma. Consider the following polynomial g ∈ R[X, Y ]: 3 , q 5 ) = 0. We may use (9) to deduce that λh ∈ K[X] and then use the argument of Claim 3.6 to deduce that q 3 ∈ K, which is a contradiction. Thus q 5 ∈ K.
By Claim 3.8, q 3 = µq 5 for some µ ∈ K. Let h = g(X, µX). Then h is not identically zero since its constant term, p 2 3 p 2 4 a 12 = 0. On the other hand h (q 3 ) = g(q 3 , q 5 ) = 0. We may use (9) to deduce that λh ∈ K [X] . The argument of Claim 3.6 then gives q 3 ∈ K, which is a contradiction.
The only way out of this contradiction is that our assumption (8) must be false. Hence some point (p 1 , p 2 ) on the conic f = 0 is generic over K. This gives us the required quasi-generic realisation (G, p * ) by Lemma 3.3.
We can use Lemma 3.4 to show that, if G is obtained by performing a 1-extension on a non-redundant edge, then the end-vertices of this edge are not globally linked in G. Suppose that G is the 1-extension of H with a new vertex v with neighbour set {u, w, z}. Since p is quasi-generic, p(u), p(w) and p(z) are not collinear. Since π is continuous, we can choose t 1 > 0 such that π t 1 (u), π t 1 (w) and π t 1 (z) are not collinear for all 0 < t < t 1 
Theorem 3.9. Let H = (V, E) be a rigid graph and let G be a 1-extension of H on some edge uw ∈ E. Suppose the H − uw is not rigid. Then {u, w} is not globally linked in G.
Proof. Let (H, p) be a quasi-generic framework which is in standard position with respect to (u, w). Since (H, p) is infinitesimally rigid, but (H − uw, p) is not infinitesimally rigid, there is an infinitesimal motionp of (H − uw, p), such that (p(u) − p(w))(p(u) −p(w)
). Let f (t) = ||π t (u) − π t (w)|| 2 . Then df dt | t=0 = 2(p(u) − p(w))(p(u) −p(w)) = 0. Since Q(p) is countable, it follows that f (t 2 ) / ∈ Q(p) for some 0 < t 2 < t 1 . In particular, ||π t 2 (u) − π t 2 (w)|| = ||p(u) − p(w)||.
Let (G − v, q) be a framework which is congruent to (G − v, π t 2 ) and in standard position with respect to (u, w). Applying Lemma 3.4 to (G − v, p) and (G − v, q)
we can find equivalent frameworks (G, p * ) and (G, q * ) such that p * is quasi-generic,
Hence {u, w} is not globally linked in G.
• We next use Lemma 3.4 to prove a counterpart of Theorem 1.2.
Theorem 3.10. Let H = (V, E) be a rigid graph and let G be a 1-extension of H on some edge uw ∈ E. Suppose that H − uw is not rigid and that {x, y} is not globally linked in H for some x, y ∈ V . Then {x, y} is not globally linked in G.
Proof. Since {x, y} is not globally linked in H, there are equivalent frameworks (H, p 1 ) and (H, p 2 ) in standard position with respect to (u, w) and such that p 1 is quasi-generic and
Since Suppose that G is the 1-extension of H with a new vertex v with neighbour set {u, w, z}. Since p 2 is quasi-generic, p 2 (u), p 2 (w) and p 2 (z) are not collinear. Since π is continuous, we may choose t 1 > 0 such that π t (u), π t (w) and π t (z) are not collinear and ||π t (x) − π t (y)|| = ||p 1 (x) − p 1 (y)|| for all 0 < t < t 1 . Let
∈ Q(p) for some 0 < t 2 < t 1 . Let (G − v, q) be a framework which is congruent to (G − v, π t 2 ) and in standard position with respect to (u, w). Applying Lemma 3.4 to (G − v, p 1 ) and (G − v, q) we can find equivalent frameworks (G, p * ) and (G, q * ) such that p * is quasi-generic,
Hence {x, y} is not globally linked in G.
We can use Theorems 3.9 and 3.10 to deduce that Conjectures 1.7 and 1.8 hold for graphs with at most one non-trivial redundantly rigid component.
Theorem 3.11. Let G = (V, E) be a rigid graph, u, v ∈ V , and R = (U, F ) be a redundantly rigid component of G. Suppose that G − e is not rigid for all e ∈ E − F . Then {u, v} is globally linked in G if and only if uv ∈ E or {u, v} is globally linked in R.
Proof. Sufficiency is clear so we need only prove necessity. Suppose {u, v} is globally linked in G. If U = V then G = R and the result is trivially true. Hence we may suppose that U = V .
We first show that there exists either a vertex of V − U of degree two in G or at least three vertices of V − U of degree three in G. Since G is rigid every vertex of G has degree at least two. We have |E − F | = r(G) − r(R) = 2|V − U |. If |V − U | = 1 this implies that the unique vertex of V − U has degree two. Hence we may suppose that |V − U | ≥ 2. The rigidity of G now implies that there are at least three edges between U and V − U . Hence
The assertion about vertices of degree two or three in V − U now follows.
Suppose there exists x ∈ V − U with d(x) = 2. It is not difficult to see that x is only globally linked to its neighbours in G. Hence the theorem holds if x ∈ {u, v} and we may suppose that this is not the case. Let H = G − x. Then (H, R) satisfies the hypotheses of the theorem. The result now follows by applying induction and Lemma 1.9.
Hence we may assume that there are at least three vertices of V − U of degree three. Choose x ∈ V − U with d(x) = 3 and x ∈ {u, v}. By Lemma 2.4 there is a pair y, z of neighbors of x for which H = G − x + yz is rigid. The rigidity of H implies that {y, z} ⊆ U and that (H, R) satisfies the hypotheses of the theorem. The result now follows by applying induction and Theorem 3.10 when {y, z} = {u, v}, and by Theorem 3.9 when {y, z} = {u, v}.
• Conjectures 1.7 and 1.8 follow for a (not necessarily rigid) graph G with at most one non-trivial redundantly rigid component by applying Theorem 3.11 to the rigid components of G (and using the fact that pairs of vertices belonging to different rigid components are not globally linked).
The special case of Theorem 3.11 when G has no non-trivial redundantly rigid components characterises globally linked pairs in minimally rigid graphs.
Corollary 3.12. Let G = (V, E) be a minimally rigid graph and u, v ∈ V . Then {u, v} is globally linked in G if and only if uv ∈ E.
Suppose we apply a 1-extension on a non-redundant edge xy of a rigid graph H. Then Theorem 3.9 implies that {x, y} is not globally linked in the resulting graph G. On the other hand, Conjecture 1.6 would imply that this is the only pair of globally linked vertices of H which is not globally linked in G.
Conjecture 3.13. Suppose G is a 1-extension on a non-redundant edge xy of a rigid graph H and {u, v} = {x, y} is globally linked in H. Then {u, v} is globally linked in G.
Neighbourhood stability
In this section we obtain analogues of the following result of R. Connelly and W. Whiteley for globally linked pairs.
Theorem 4.1. [7, Theorem 13] Given a framework (G, p) which is globally rigid and infinitesimally rigid in R d , there is an open neighborhood U of p such that for all q ∈ U the framework (G, q) is globally rigid and infinitesimally rigid.
We will concentrate on the 2-dimensional case. 1 We first show that the globallinkedness of two vertices is preserved in an open neighbourhood of (G, p) as long as G is minimally rigid and all equivalent framework are infinitesimally rigid. We then prove that the same conclusion holds when (G, p) is rigid and generic. We will need the following well known 'averaging' result, see for example the proof of [7, Theorem 13] .
Lemma 4.2. Suppose that (G, p) and (G, q) are equivalent but non-congruent frameworks. Then p − q is a non-trivial infinitesimal motion of (G, p + q).
We say that an infinitesimally rigid framework (G, p) is regular valued if all equivalent frameworks are infinitesimally rigid.
2 It is known that an infinitesimally rigid, regular valued framework (G, p) has only finitely many equivalent and pairwise noncongruent realisations. 3 
We denote this number by r(G, p). This parameter is related to global linkedness by the fact that two vertices u, v are globally linked in an infinitesimally rigid, regular valued framework (G, p) if and only if r(G, p) = r(G + uv, p).
Our first result shows that, for such a framework (G, p), r(G, p) does not increase in some open neighbourhood of p.
Theorem 4.3. Suppose that (G, p) is an infinitesimally rigid, regular valued framework. Then there exists an open neighbourhood U of p such that, for all q ∈ U , (G, q) is an infinitesimally rigid, regular valued framework with r(G, q) ≤ r(G, p).
Proof. The theorem is trivially true if G has at most two vertices. Hence we may suppose that |V (G)| ≥ 3.
We first show that there exists an open neighbourhood U of p such that (G, q) is an infinitesimally rigid, regular valued framework for all q ∈ U . Suppose not. Then there exists a sequence of realisations (G, p k ) with p k → p, and such that (G, p k ) is not infinitesimally rigid and regular valued for all k. Since (G, q) is infinitesimally rigid for q close enough to p, we may suppose that (G, p k ) is infinitesimally rigid and not regular valued for all k. Hence (G, p k ) has an equivalent realisation (G, q k ) which is not infinitesimally rigid. By compactness q k has has a convergent subsequence p) is regular valued, (G, q) is infinitesimally rigid. This contradicts the fact that q m → q and (G, q m ) is not infinitesimally rigid for all m. We next show that there exists an open neighbourhood U of p such that r(G, q) ≤ r(G, p) for all q ∈ U . Suppose not. Then, by the previous paragraph, there exists a sequence of infinitesimally rigid, regular valued realisations (G,
is infinitesimally rigid we have 1 We believe that our results extend to the d-dimensional case but the proofs become more complicated because of their reliance on 'special position' arguments. In particular we would need a d-dimensional version of Lemma 3.3.
2 This is equivalent to saying that f G (p) is a regular value of the rigidity map of G i.e. q is a regular point of f G for all q ∈ f
) is a 0-dimensional manifold. Compactness and the fact that (G, q) is infinitesimally rigid for all q ∈ f p 1 ), (G, p 2 ) , . . . , (G, p s )} be the set of all equivalent realisations which are in standard position with respect to (u, v) . Since (G, p) is infinitesimally rigid and regular valued, each of the (G, p i ) is infinitesimally rigid and hence, in particular, does not have all its vertices on a line. This implies that each congruence class of (G, p) will be represented exactly four times in S and hence s = 4r (G, p) . We can have r(G, q) < r(G, p) for any framework (G, p) satisfying the hypotheses of Theorem 4.3 and q arbitrarily close to p. Consider for example the realisation (G, p) of a wheel in which the central vertex and two nonconsecutive rim vertices are collinear, see Figure 3 . Then r(G, p) = 2 but r(G, q) = 1 for all generic q. We will show, however, that r(G, p) is constant in some open neighbourhood of p if either G is minimally rigid or p is generic.
Theorem 4.4. Suppose that (G, p) is an infinitesimally rigid, regular valued realisation of a minimally rigid graph G = (V, E). Then there exists an open neighbourhood U of p such that, for all q ∈ U , (G, q) is infinitesimally rigid, regular valued, and has r(G, q) = r(G, p).
Proof. By Theorem 4.3, it will suffice to show that an arbitrary sequence of infinitesimally rigid realisations (G,
. . , p s } be the set of all realisations in standard position with respect to (u, v) which are equivalent to (G, p). Then s = 4r(G, p) as in the proof of Theorem 4.3. By the inverse function theorem, we may choose neighbourhoods
We may also assume that p = p 1 and hence that p 
• 
Corollary 4.5. Suppose that (G, p) is an infinitesimally rigid, regular valued realisation of a minimally rigid graph G = (V, E). Then there exists an open neighbourhood
where
Theorem 4.6. [31] Let S ⊆ R n+k be semi-algebraic over Q and π : R n+k → R n be the projection onto the first n coordinates. Then π(S) is semi-algebraic over Q.
Theorem 4.7. Suppose that G = (V, E) is rigid and (G, p) is generic. Then there exists an open neighbourhood U of p such that, for all q ∈ U , (G, q) is infinitesimally rigid, regular valued, and has r(G, p) = r(G, q).
Proof. The hypothesis that (G, p) is generic implies that f G (p) is a regular value of f G by [19, Corollary 3.7] . Hence (G, q) is infinitesimally rigid and regular valued for q in some open neighbourhood of p by Theorem 4.3.
Let V = {v 1 , v 2 , . . . , v n }, |E| = m and suppose that v 1 v 2 ∈ E. Choose a realisation (G, p 1 ) which is congruent to p and is in standard position with respect to (v 1 , v 2 ). We will consider the set of all realisations of G which are in standard position with respect to (v 1 , v 2 ). For any such realisation (G, q) the first three coordinates of q are zero. We will abuse notation and consider q ∈ R 2n−3 . Similarly we will consider the rigidity map f G to be a map from R 2n−3 to R m . Let s = 4r(G, p), and let S be the set of all s-tuples of vectors (q 1 , q 2 , . . . , q s ) where q i ∈ R 2n−3 and {(G, q 1 ), (G, q 2 ), . . . , (G, q s )} is a set of distinct pairwise equivalent realisations of G in standard position with respect to (v 1 , v 2 ). Then S ⊆ R s(2n−3) and we may represent S as
Hence S is semi-algebraic over Q. Let
be the projection of S onto the first 2n − 3 coordinates. Then S 1 is the set of all q ∈ R 2n−3 such that (G, q) has s distinct pairwise equivalent realisations in standard position with respect to (v 1 , v 2 ). Thus p 1 ∈ S 1 .
By Theorem 4.6, S 1 is semi-algebraic over Q. Since p is generic, the (non-zero) coordinates of p 1 are algebraically independent over Q by Lemma 3.3. Hence P (p 1 ) = 0 for all P ∈ Q[X 1 , . . . , X 2n−3 ]. Since p 1 ∈ S 1 and S 1 is semi-algebraic over Q, we must have p 1 ∈ S 2 for some S 2 ⊆ S 1 of the form
where 
Proof. This follows immediately from Theorem 4.7 and the fact that, for any infinitesimally rigid, regular valued realisation (G, q), {u, v} is globally linked in (G, q) if and only if r(G, q) = r(G + uv, q). •
The realisation (G, p) of a wheel in which the central vertex and two nonconsecutive rim vertices are collinear (see Figure 3) shows that Corollaries 4.5 and 4.8 become false if we remove the respective hypothesis that G is minimally rigid and p is generic. The problem is that there are pairs of vertices which are not globally linked in (G, p) but are globally linked in (G, q) for q arbitrarily close to p. We have no examples, however, in which the property of being globally linked is not preserved in some open neighbourhood. 
Finding equivalent realizations by flexing
In this section we describe a possible approach to verifying Conjecture 1.7 which is analogous to that used by Hendrickson [14] to show that redundant rigidity is a necessary condition for global rigidity. We need to show that if two vertices u, v are not contained in the same redundantly rigid component of a rigid graph G then they are not globally linked. 5 The idea is to find an edge e = wx in G such that u, v do not belong to the same rigid component of G − e. We then choose a flexing of a generic realisation (G − e, p) to find another realisation (G − e, q) with the properties that
. The equivalent realisations (G, p) and (G, q) will then certify that that {u, v} is not globally linked in G. The first step in this approach is to show that we can find a suitable edge e. Proof. We first prove necessity. Suppose u, v is contained in a redundantly rigid component H of G. Then H = K 2 and so H − e is a rigid subgraph of G for all e ∈ E. Hence u, v is contained in a rigid component of G − e for all e ∈ E.
We next prove sufficiency. Suppose u, v is not contained in a redundantly rigid component of G. Then G is not redundantly rigid so at least one edge of G is an Mbridge. Let F = {e 1 , e 2 , ..., e m } be the set of M -bridges of G. The rigid components of G − F are exactly the non-trivial redundantly rigid components of G (since if the union of a set of redundantly rigid graphs is rigid and contains no M -bridges then it must be redundantly rigid). Thus u, v is not contained in a rigid component of G − F . Let H be a maximal M -independent subgraph of G − F . Note that the vertex sets of the rigid components of G − F and H are the same and H + F is an M -independent (and rigid) spanning subgraph of G.
Let F be a maximal proper subset of F for which u, v is not contained in a rigid component of H + F . If F − F = {f } then we are done by choosing e = f . This follows from the fact that u, v is not contained in a rigid component of H − f and hence is not contained in a rigid component of G − f as well. So we may suppose that we have two distinct edges f 1 , f 2 ∈ F − F . By the maximality of F there is a rigid subgraph G i = (V i , E i ) of H + F + f i which contains u and v, for i = 1, 2. Since H + F is M -independent, these subgraphs are induced subgraphs of H + F and we must have
is a rigid subgraph of H + F which contains u and v. This contradicts the choice of F .
• Our next result implies that the 'flexing approach' to showing that {u, v} is not globally linked in G works when G + uv is an M -circuit. Lemma 5.2. Let (C, p 0 ) be a quasi-generic realisation of an M -circuit C = (V, E), e 1 = uv and e 2 = wx be edges of C and H = C − {e 1 , e 2 }. Let F be the set of all frameworks which can be obtained by a flexing of (H, p 0 ). Then there exists (H,
Proof. We suppose that all realisations of H considered are in standard position with respect to (w, x). For each such realisation (H, q) we suppress the (zero) coordinates of q corresponding to q(w) and the first coordinate of q(x) and consider q ∈ R 2|V |−3 .
Let F : realisation (H, q) ) and let f be the restriction of F to S. We can also view the rigidity maps f H+e 1 , f H as maps on S. Note that the rigidity map f H+e 1 is obtained from f H by adding an extra coordinate corresponding to f i.e. the length of the edge e in the realisation of H + e 1 .
We can adapt the proof technique of [14] to show that S is a 1-dimensional manifold diffeomorphic to a circle. For each p ∈ S, [20, Lemma 3.4] gives
Thus, for every generic point p ∈ S, we have rank df | p = 1 so p is a regular value of f .
Choose a direction for traversing S and let p 1 be the first point after p 0 we reach when traversing S which satisfies p 0 (w) − p 0 (x) = p 1 (w) − p 1 (x) . We will show that p 0 (u)−p 0 (v) = p 1 (u)−p 1 (v) . Suppose to the contrary that p 0 (u)−p 0 (v) = p 1 (u) − p 1 (v) . Then (C, p 0 ) is equivalent to (C, p 1 ). We first consider the case when C is 3-connected. Then C is globally rigid by [3] so (C, p 0 ) is congruent to (C, p 1 ). Since (C, p 0 ) and (C, p 1 ) are in standard position (C, p 1 ) is a reflection of (C, p 0 ) in the line through p 0 (w), p 0 (x). Let a : [0, 1] → S be the smooth path from p 0 to p 1 induced by the diffeomorphism from S to the circle, and let b : [0, 1] → S be obtained by putting b(t) = a(t) for all 0 ≤ t ≤ 1, where a(t) is the reflection of a(t) in the line through p 0 (w), p 0 (x). Then b is a smooth path in S from p 1 to p 0 . Furthermore, we claim that a and b do not have the same image in S. For suppose to the contrary that a and b traverse some path P in S in opposite directions. Then by the intermediate value theorem there is some t ∈ [0, 1] with a(t) = b(t). This implies that (H, a(t)) has all vertices on the line through p 0 (w), p 0 (x) which is impossible since (H, p), and hence also (H, a(t)), has 2|V (H)| − 4 algebraically independent edge-lengths. It follows that a and b trace out two paths that together form the entire manifold S. We can choose t 1 , t 2 ∈ [0, 1] with f (a(t 1 )) < f (p 0 ) and f (a(t 2 )) > f (p 0 ). Now the intermediate value theorem gives some t between t 1 and t 2 with f (a(t)) = f (p 0 ). This contradicts the choice of p 1 .
We next consider the case when C is not 3-connected. Let C 1 C 2 . . . C m be the path in the cleavage unit tree of C with e 1 ∈ E(C 1 ) and e 2 ∈ E(C m ). (We refer the reader to [17, Section 3] for more details on cleavage unit trees of M -circuits.) Let C = C 1 ⊕ 2 C 2 ⊕ 2 . . . ⊕ 2 C m . If C = C then we can apply induction to C . Hence we may assume that C = C. We will proceed by adapting the proof of the case when C is 3-connected.
Let 
Closing Remark
It is not difficult to show that if H is a minimally rigid subgraph of a minimally rigid graph G, then G can be obtained from H by a sequence of Henneberg extensions, see for example [17] . This fact encouraged us to try to prove Conjecture 5. 
